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The numerical study of plasticity-induced crack closure using the node-release technique presents many
difﬁculties widely studied in literature. For instance various rules, proposed for overcoming mesh sensi-
tivity, are challenged by more recent studies. This paper intends to propose and evaluate a numerical
method for the investigation of crack propagation under fatigue loading, and particularly for the assess-
ment of plasticity-induced crack closure in three-dimension. The method is an extension of the ‘‘steady-
state method’’ to cyclic loadings. The steady-state method allows a direct computation (on a ﬁxed mesh,
without releasing nodes) of stress and strain ﬁelds around the crack tip and in the wake for a steady crack
growth. The method is extended to simulate crack propagation under fatigue loading. Therefore it con-
stitutes a valuable numerical tool for gaining insight into the physics of crack propagation, as it provides
accurate mechanical ﬁelds around the crack tip and their relation with crack growth rate, various loading
modes and parameters. The proposed method is also compared with the classical node-release technique.
A very good agreement between the two methods is found. However the steady-state method needs
much less mesh reﬁnement and computational time. Following an analysis of some features of the fatigue
crack, a discussion on a crack closure criterion is opened, and a reliable criterion for the determination of
local crack closure is proposed.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Since the work of Elber (1970), the crack closure phenomenon
has been generally recognized as an important factor in fatigue
crack propagation and has been intensively studied Newman,
1976; Keui and Kiyotsugu, 1977; Budiansky and Hutchinson,
1978; Kikukawa et al., 1982; Fleck and Newman, 1988; McClung
and Sehitoglu, 1989a,b; James, 1997; Pommier, 2002; Skinner
and Daniewicz, 2002; Solanki et al., 2003; Alizadeh et al., 2007;
de Matos and Nowell, 2007, 2008; Ismonov and Daniewicz, 2010;
Cochran et al., 2011. A short review can be found in de Matos
and Nowell (2007). The crack propagation rate would be in fact
controlled by the effective stress intensity factor (SIF) range DKeff
which is the part of the SIF range when the crack is completely
open. An experimental method was proposed by Elber to deter-
mine the closure stress intensity factor (Kcl). Subsequently, the
method was improved by other authors (Kikukawa et al., 1982).
However, closure measurements present difﬁculties (James,
1997) in their correlation with theoretical results. Moreover, some
authors claim that the importance of closure effects has been exag-ll rights reserved.
oquet).gerated and that fatigue crack propagation can be modeled with-
out including this concept (at least in a large majority of
situations) (Sadananda and Vasudevan, 1997, 2004). A mechanism
of fatigue crack propagation by successive rounding and sharpen-
ing of the crack tip has also been recognized by Laird and Smith
(1962) and found by ﬁnite element simulations in ﬁnite strain
(Tvergaard, 2006; Toribio and Kharin, 2009).
Plasticity-induced crack closure has been studied numerically
by many researchers by means of the ﬁnite element (FE) method.
Most of the numerical studies were based on 2D FE models under
plane stress or plane strain conditions. In these FE studies, the de-
gree of mesh reﬁnement was the ﬁrst parameter considered by the
authors. Newman (1976) noticed that for a high applied stress, the
calculated opening load Kop converged when the mesh was reﬁned,
while for a small applied stress, the convergence was not achieved.
Later, Solanki et al. (2003) suggested that at least 3 to 4 elements
are necessary in the reverse plastic zone. McClung and Sehitoglu
(1989a,b) noted that the number of elements in the forward plastic
zone also had to be considered for the choice of the appropriate
mesh reﬁnement. de Matos and Nowell (2007) assessed and com-
pared different methods for determining the crack closure load:
node displacement method (monitoring of the displacement of
the ﬁrst or second node behind the crack tip), tensile tip stress
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function technique. They concluded that except the tensile tip
stress method which led to a very high level of crack closure, the
other methods would give equivalent results as long as the FE
mesh was ﬁne enough to capture well the forward and reverse
plastic zones. Modeling crack closure using FE analysis helped
researchers to understand to some extent the inﬂuence of the load-
ing history on fatigue crack growth rate (FCGR) (Newman, 1976;
Keui and Kiyotsugu, 1977; Pommier, 2002; Cochran et al., 2011),
the dependence of FCGR on load ratio R (Newman, 1976; McClung
and Sehitoglu, 1989a) or crack growth in non-proportional mixed-
mode loading (Doquet et al., 2010). A recent work by Cochran et al.
(2011) provides, in two-dimension, new results on the relation be-
tween mesh sensitivity, crack growth rate and material behavior,
with a special attention paid to strain ratchetting.
Some researchers have studied crack closure phenomenon with
3D FE models. Skinner and Daniewicz (2002) studied mesh sensi-
tivity of 3D crack closure effect and found that ﬁve elements in
the forward plastic zone would be enough to obtain stable values
of the crack closure load. Alizadeh et al. (2007) compared two
and three-dimensional analyses of fatigue crack closure. They
found a good agreement between the three-dimensional ﬁnite ele-
ment crack opening at the surface and the plane stress analyses,
while three-dimensional ﬁnite element crack opening for the mid
thickness agreed with plane strain analyses only for large thick-
ness. Ismonov and Daniewicz (2010) investigated several crack clo-
sure assessment methodologies by using a 3D FE analysis. They
found that numerical methods such as the node displacement
method and the contact stress method are in pretty good agree-
ment with experimental methods such as the compliance offset
method and the adjusted compliance ratio method. de Matos and
Nowell (2008) recently studied the effect of Poisson’s ratio and
crack tunneling on fatigue crack closure value using a 3D FE model.
Under the loading conditions of their work, the crack closure val-
ues were almost insensitive to a variation of Poisson’s ratio as well
as to the crack front shape. They noted however that their results
should be veriﬁed for lower applied load and thus smaller plastic
zones. In this case, the mesh reﬁnement demand for the node-
releasing technique could become too high.
The motivation of the present work is to propose an efﬁcient
numerical procedure for the modeling of steady crack propagation
under cyclic loads, in small deformations. The method is used for
the evaluation of plasticity-induced fatigue crack closure as it does
not present the usual drawbacks of the node-release technique.
Moreover, it is faster and reliable. The assumption of steady crack
growth, used by Hutchinson and co-workers (Amazigo and Hutch-
inson, 1977; Budiansky and Hutchinson, 1978; Dean and Hutchin-
son, 1980) provides some simpliﬁcation in the solution of the
problem. A numerical steady-state method was proposed by Ngu-
yen and Rahimian (1981) for determining the steady-state of a
crack growing under a constant load. This method consists in fol-
lowing the crack propagation in a moving reference frame attached
to the crack tip. In this frame, an observer sees the material ﬂow in
the direction opposite to the crack growth direction. Once the ﬂow
is steady, the material state becomes time-independent for this ob-
server. The ‘‘steady-state (or stationary) method’’ – by writing the
equilibrium equations in the moving frame of reference – allows to
obtain directly the steady-state of the material around an advanc-
ing crack tip, without the need of modeling the transient states
leading to the steady one.
Other authors have since applied this method to calculate
quickly the steady elastic–plastic ﬂow in a structure under a mov-
ing applied load. Dang Van and Maitournam (1993), Dang Van et al.
(1996) and Dang Van and Maitournam (2002) applied this method
to the problem of rail/ wheel repeated rolling. Nguyen-Tajan et al.
(2002) then developed the stationary method for modeling amoving force applied on a periodic structure. Furthermore, Mai-
tournam et al. (2002) developed a method for determining directly
the asymptotic response of a structure under a repeated moving
load. In all these problems, the applied load was mobile but its
intensity had to be constant.
Recently, Sobotka and Dodds (2011) used a three-dimensional
steady-state method to provide an extensive analysis of the essen-
tial features (opening shape, crack opening proﬁles, plastic zone
sizes, etc.) of a steadily propagating crack.
The present work introduces an extension of the stationary
method for modeling structures under a cyclic moving load and
its application to the analysis of fatigue crack growth and plastic-
ity-induced closure. The method is then used to evaluate in three-
dimension, plasticity-induced fatigue crack closure for a SEN spec-
imen made of 316L stainless steel. The results are analysed and
compared with those from the classical node-release technique
(NRT). The steady-statemethod is then used to study some relevant
problems in computing plasticity-induced crack closure in 3D.
2. Material, specimen and problem under consideration
The results presented in this paper are obtained on a single test
conﬁguration and a speciﬁc material. They are described in the fol-
lowing subsections.
2.1. Specimen and loading conditions
The geometry of the model under consideration is shown in
Fig. 2. It consists of a SEN specimen of dimensions 30  160 
7 mm with a straight through-crack.
The specimen is subjected to a cyclic load P applied on the
upper edge of the model. The analytical formulation for determin-
ing the stress intensity factor on an ASTM single-edge-notch spec-
imen (Brown and Srawley, 1967) is used to calibrate the applied
loads. This formulation issued from 2D calculations gives a mean
value of K over the crack front. Three different loading amplitudes
corresponding to DK = 10, 15, 20 MPa
ﬃﬃﬃﬃﬃ
m
p
and three different load
ratios (R = 0.5,0.,0.3) are studied.
2.2. Material behavior
The material considered is a 316L austenitic stainless steel. Its
mechanical behavior was characterized and identiﬁed by Chaboche
et al. (1979) as elastoplastic with non-linear kinematic and isotro-
pic hardening (Lemaitre and chaboche, 1990). The isotropic hard-
ening saturates; thus, under certain loading conditions, the
model can present ratcheting.
The governing equations of the model are recalled in Table 1. r
denotes the stress tensor, X the back-stress (a deviatoric tensor), p
the accumulated inelastic strain (scalar) and R the drag stress. The
back-stress X represents the displacement of the center of the elas-
tic domain in the deviatoric stress space, while the drag stress R is
the increase of its radius.
The material parameters are: E the Young modulus, m Poisson’s
ratio, R0 the initial yield stress, R1 the saturated value of R, the
maximum expansion of the elastic domain, b; C1; w; x, and c re-
lated to hardening. Table 2 gives the parameters values identiﬁed
for 316L by Chaboche et al. (1979).
3. Steady-state method for fatigue crack propagation modeling
3.1. The existing steady-state method
The crack considered is plane with a steady growth in the X
direction at a velocity V ¼ V  eX . In a reference frame
Table 1
Governing equations of Chaboche model (Chaboche et al., 1979).
Strain decomposition  ¼ e þ p
Elastic law r ¼ Emð1þmÞð12mÞ trðeÞ1þ Eð1þmÞe
Yield function f ðr;X;pÞ ¼ J2ðr XÞ  ðRðpÞ þ R0Þ 6 0
with J2ðr XÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2 ð~r XÞ : ð~r XÞ
q
and ~r ¼ r 13 trðrÞ1
Plastic ﬂow _p ¼ _k @f
@r ¼ 32 _k ~rXJ2ðrXÞ
_kP 0; f 6 0; _kf ¼ 0
Non linear kinematic hardening _X ¼ 23CðpÞ _p  cX _p
with CðpÞ ¼ C1ð1þ ðw 1ÞexpÞ
and _p ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
_p : _p
q
Isotropic hardening _R ¼ bðR1  RÞ _p
Table 2
Material parameters of 316L identiﬁed by Chaboche et al. (1979) for Chaboche’s
constitutive model.
E (MPa) m R0 (MPa) R1 (MPa) b C1 (MPa) c w x
196000. 0.3 180. 223 5 50400. 280. 1. 1.
Fig. 1. Geometric partition for the steady-state algorithm.
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tities are time-independent. Small deformations are assumed. The
consequence of these assumptions is that all the time derivatives
in the constitutive laws become spatial derivatives. For any physi-
cal quantity BðxÞ, with x the position in the moving reference
frame, we have:
_BðxÞ ¼ rBðxÞ  dx
dt
¼ V @B
@x
ð1Þ
From Eq. (1), it can be seen that the equations deﬁning the stea-
dy-state problem are those of the evolution problem wherein time
derivatives are replaced by spatial derivatives (Dang Van and Mai-
tournam, 1993). The constitutive equations become non-local;
their numerical integration is performed along the streamlines in
the moving direction of material. The solid is partitioned into lay-
ers perpendicular to axis x. The layers are numbered in direction of
material ﬂow, so that the inelastic state of layer nþ 1 depends on
that of layer n (Fig. 1).
With this choice of mesh, the algorithm given hereafter allows a
direct computation of the steady-state of crack growth (obtainedFig. 2. SEN specimen geometrywith the node release method after a large number of incremental
propagations of the crack).3.1.1. Integration scheme
The integration scheme adopted for the steady-state method is
a radial return algorithm (Nguyen, 1977; Hughes and Taylor, 1978;
Ortiz and Simo, 1986; Simo, 1998). It is formally the same as for the
classical pressure insensitive elastoplastic problem, except for the
calculation of the inelastic internal variables (for instance the plas-
tic strain) which is geometrically non-local. The algorithm consists
of two stages: the global equilibrium stage and the integration of the
constitutive laws.
The global equilibrium stage consists in solving an elastic prob-
lem with known internal variables (p; X and p). These variables
can be the initial values (for the ﬁrst iteration) or the values esti-
mated at the previous iteration (for subsequent iterations). The ob-
tained total strains control the next stage.and boundary conditions.
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cal problem. In fact, the inelastic internal variables are subse-
quently evaluated along a streamline (which corresponds to lines
parallel to crack tip velocity) knowing the values (p1; X1 and p1)
at the ﬁrst layer of the mesh (the farthest upstream layer from
the crack front).
Index n is used to denote quantities relative to layer n, so that
pn;Xn and pn are respectively the plastic strain, the back-stress
and the accumulated plastic strain at layer n. For layer ðnþ 1Þ,
one has: pnþ1 ¼ pn þ Dpnþ1; Xnþ1 ¼ Xn þ DXnþ1; pnþ1 ¼ pn þ Dpnþ1.
To ﬁnd state nþ 1 from a given state n and a given increment
Dnþ1 of the total strain, a closest-point-projection is used and con-
sistency condition is enforced at nþ 1. More precisely, an elastic
trial stress rTnþ1 is deﬁned:
rTnþ1 ¼ rn þ Ce : ðDnþ1Þ ð2Þ
and
~rTnþ1 ¼ ~rn þ 2lðD~nþ1Þ ð3Þ
where l is the shear modulus, and ‘‘’’ denotes the deviator of a
tensorial quantity.
The internal state at nþ 1 is assumed as: ^pnþ1 ¼ pn; X^nþ1 ¼
Xn; p^nþ1 ¼ pn.
If f ð~rTnþ1; ^pnþ1; X^nþ1; p^nþ1Þ < 0, no plasticity occurs from layer n to
layer nþ 1. Therefore, the internal state of the layer nþ 1 is:
pnþ1 ¼ pn; Xnþ1 ¼ Xn; pnþ1 ¼ pn ð4Þ
If f ð~rTnþ1; ^pnþ1; X^nþ1; p^nþ1ÞP 0, the evolution from layer n to
layer nþ 1 is inelastic, the inelastic increments are evaluated from
the following implicit discretized equations:
f ¼ Jð~rTnþ1  2lDpnþ1  Xnþ1Þ  Rðpnþ1Þ  R0 ¼ 0 ð5Þ
Dpnþ1 ¼ k
@f
@rnþ1
¼ 3
2
Dpnþ1
~rTnþ1  2lDpnþ1  Xn  DXnþ1
Jð~rTnþ1  2lDpnþ1  Xn  DXnþ1Þ
ð6Þ
DXnþ1 ¼ 23Cðpnþ1ÞD
p
nþ1  cðXnþ1ÞDpnþ1 ð7Þ
After separating the different variables from the Eqs. (5)–(7), one
obtains:
DðDpnþ1Þ ¼ J2 ~rTnþ1 
MðDpnþ1Þ
CðDpnþ1Þ
Xn
 
ð8Þ
DXnþ1 ¼ MðDpnþ1ÞDðDpnþ1Þ
~rTnþ1 
MðDpnþ1Þ
CðDpnþ1Þ
MðDpnþ1Þ
DðDpnþ1Þ
þ c
 
Xn
 
Dpnþ1
ð9Þ
Dpnþ1 ¼
3Dpnþ1
2DðDpnþ1Þ
~rTnþ1 
MðDpnþ1Þ
CðDpnþ1Þ
Xn
 
ð10Þ
with
CðDpnþ1Þ ¼ Cðpn þ Dpnþ1Þ ð11Þ
MðDpnþ1Þ ¼
CðDpnþ1Þ
1þ cDpnþ1
ð12Þ
DðDpnþ1Þ ¼ Rðpn þ Dpnþ1Þ þ R0 þ ð3lþMðDpnþ1ÞÞDpnþ1 ð13Þ
Eq. (8) is a non-linear scalar equation for the accumulated plastic
strain Dpnþ1. It is solved using Newton–Raphson method. Once
Dpnþ1 is obtained, Eqs. (9) and (10) give respectively the increments
DXnþ1 and D
p
nþ1.The steady-state algorithm is summarized in the following
boxes.A. GLOBAL EQUILIBRIUM STAGE
1. Entry:
p;X; p: initial state or estimated from the previous
iteration.
2. Global Elastic Prediction: Evaluate the nodal displacement
U, the total strain  and the elastic stress rT using the global
elastic equilibrium conditions. U minimizes
R
X
1
2ððUÞ pÞ :Ce : ððUÞpÞdX
R
X f UdX
R
@XT T
D UdS
where f are body forces and TD surface forces prescribed on
@XT .
3. Global Plasticity Test:
f ðrT ;X; pÞ ¼ J2ð~rT  XÞ  RðpÞ  R0
If f < 0 in X ) convergence of result, END OF PROGRAM
Else ) go to {B. INTEGRATION OF THE CONSTITUTIVE
LAW.}B. INTEGRATION OF THE CONSTITUTIVE LAW
Entry:
 Strain  for the whole structure estimated from the global
equilibrium stage.
 Mechanical state at layer 1, (p1;X1;r1 ¼ Ce : ð1  p1Þ): this
layer is assumed to be far enough from the crack front so
that it does not yield.
The following steps, (1)–(6), are then applied for n from 2 to N
to estimate the inelastic state from the known overall strain .
1. Strain increment from layer n to nþ 1: Dnþ1 ¼ nþ1  n
2. Elastic Prediction for layer nþ 1: ~rTnþ1 ¼ ~rn þ 2lðD~nÞ
3. Plasticity Test for layer nþ 1: f ðrTnþ1; pn; Xn; pnÞ ¼
Jð~rTnþ1  XnÞ  RðpnÞ  R0
If f < 0; Dpnþ1 ¼ 0; DXnþ1 ¼ 0; Dpnþ1 ¼ 0; go to (5). Else,
plastic yield, go to (4).
4. Plastic problem: Dpnþ1 is obtained by solving Eq. (8) using
Newton–Raphson method, DXnþ1 and D
p
nþ1 are then calcu-
lated thanks to Eq. (9) and (10).
5. The state of the layer nþ 1 is:pnþ1 ¼ pn þ Dpnþ1; Xnþ1 ¼
Xn þ DXnþ1; pnþ1 ¼ pn þ Dpnþ1
6. If n < N; n :¼ ðnþ 1Þ, restart from step (1).
If n ¼ N, go back to {A. GLOBAL EQUILIBRIUM STAGE} with
the new estimated values p;X and p.3.2. Extension of the steady-state algorithm to cyclic loading
In this section, the load PðtÞ applied to the specimen is assumed
to be time-periodic (with a period T) and the crack to have a cyclic
growth along the x-direction. An extension of the previous steady-
state algorithm is proposed to deal with a cyclic loading in the ref-
erence frame attached to the crack-tip. In this frame, any physical
quantity Bðx; tÞ satisﬁes:
8x;8t; Bðx; tÞ ¼ Bðx; t þ TÞ ð14Þ
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_Bðx; tÞ ¼ @B
@x
_xþ @B
@t
ð15Þ
We choose a propagation scheme for which the length of the crack
increases by a ﬁnite increment after the application of a given num-
ber of load cycles. This assumption is exactly the same as that used
in the node-release technique. Eq. (15) applied to this propagation
scheme is rewritten as:
For t 2 ½t1; t1 þ T½; dB ¼ @B@t dt
For t ¼ t1 þ T; dB ¼ @B@x dx
(
ð16Þ3.2.1. Integration scheme
Using the above remark (Eq. (16)), we construct a two-stage
algorithm similar to the one detailed previously for a constant ap-
plied load allowing to compute directly the steady-period of a cyc-
lic-propagation crack. The load cycle is discretized into Nl levels.C. GLOBAL CYCLIC STAGE
Entry: internal state ðpðkÞ;XðkÞ; pðkÞÞ for the whole structure and
for all instants ðkÞ.
1. Apply the global equilibrium stage algorithm for all load lev-
els ðkÞ ¼ 1 to Nl, with given internal states ðpðkÞ;XðkÞ; pðkÞÞ.
2. If for all ðkÞ, no plasticity) convergence achieved, END OF
PROGRAM.
Else ) go to {D. CYCLIC CONSTITUTIVE LAW
INTEGRATION}.D. CYCLIC CONSTITUTIVE LAW INTEGRATION
Entry:
 The known state of the layer 1 for the load level (1):
r1;ð1Þ;
p
1;ð1Þ;X1;ð1Þ; p1;ð1Þ.
 The estimated strain on the whole body and for all load lev-
els ðkÞ is also available from the global cyclic stage.
From a known state ðn; ðkÞÞ associated with rn;ðkÞ;pn;ðkÞ;
Xn;ðkÞ; pn;ðkÞ,
1. Deﬁne the next state ðn0; ðk0ÞÞ as follows: If ðkÞ < Nl : n0 ¼ n;
and ðk0Þ ¼ ðkÞ þ 1 (no material ﬂow, only load increment).
If ðkÞ ¼ Nl : n0 ¼ nþ 1; and ðk0Þ ¼ 1 (material ﬂow from n
to nþ 1, enter to a new load cycle).
2. Estimate the strain increment: Dn0 ;ðk0 Þ ¼ n0 ;ðk0 Þ  n;ðkÞ
3. Compute the inelastic variables p
n0 ;ðk0 Þ;Xn0 ;ðk0 Þ; pn0 ;ðk0 Þ, by using
the steps presented in the box B (Integration of the constitu-
tive law) with index n replaced by (n; ðkÞ) and nþ 1 by
(n0; ðk0Þ).
4. If n0 ¼ N and ðk0Þ ¼ Nl go back to {C. GLOBAL CYCLIC STAGE}
with new estimated internal variables.To sum up, the proposed computational method allows the di-
rect determination of the steady state of a crack propagating under
a cyclic loading, reducing it to the mere computation of a period in
the reference frame associated with the load.4. Numerical results and comparison with the node release
technique
4.1. Finite element models
This section is devoted to the numerical analysis of the SEN
specimen with a straight through-crack presented in Section 2 by
the cyclic steady-state method and the node release technique. Be-
cause of the symmetries of the specimen and the loading condi-
tions, only 1/4 of the specimen is represented in the FE model.
Symmetry conditions are enforced along the crack plane and the
mid-thickness plane. A typical mesh is shown in Fig. 3; it consists
of 62300 linear brick elements. The half thickness (length B=2) is
discretized into 7 element layers whose thickness decreases
down to 0.009B = 63 lm near the surface. The mesh is highly
reﬁned in the crack growth region, which is 2 (or 3) mm long.
The in-plane size (x and y directions) of the elements in this region
is 40 lm.
The frictionless contact between the two crack faces is taken
into account by enforcing a unilateral displacement condition on
the upper crack face. The displacement in the y direction of the
crack face can be either strictly positive (crack open) or zero (crack
closed).
For the sake of simplicity and in the aim of comparing the meth-
ods, the same assumptions had to be used for the steady-state
method and the node release technique: a crack growth rate of
40 lm per cycle (one element per cycle), crack propagation at min-
imum load. These assumptions will be dropped and the parameters
varied during the convergence study of computed PICC using the
steady-state method presented in Section 5.4.2. Crack propagation using the steady-state method
Let us recall that the classical steady-state method (Nguyen and
Rahimian, 1981; Dang Van and Maitournam, 1993) gives directly
the mechanical state for the steady crack propagation under a con-
stant load. Its essential feature is that it does not need any node re-
lease; it presents the same convergence with mesh reﬁnement as
the static non linear ﬁnite element method, as shown in Nguyen
and Rahimian (1981) and Dang Van and Maitournam (1993) where
uniqueness of the solution was also proved. The results obtained
with this procedure are therefore accurate within the ﬁnite ele-
ment approximation. For instance, Figs. 4 and 5 show examples
of stress and plastic strain evolutions along a horizontal line lo-
cated at 128 lm from the crack front. They illustrate the mesh con-
vergence of the plastic deformation and the stress ﬁeld when the
mesh is reﬁned.
For the cyclic steady-state method the crack growth rate is
equal to the ratio of an element size near the crack front by the
number of simulated cycles. The crack growth scheme is controlled
by the instant chosen to transfer the inelastic state from a layer to
another as presented in Section 3.2.4.3. Crack propagation using the node-release technique (NRT)
The node release technique is used here only for comparison
with the steady-state method. It is well known that this method
presents many shortcomings and must be used with cautions. Care
should be taken to ensure the relevance of the results. Let us notice
that precisely the steady-state method can be used to calibrate the
NRT.
For this technique, the load amplitude is corrected after each re-
lease step in order to keep a constant value of DK during the entire
crack growth.
Fig. 3. A typical ﬁnite element mesh for node-release and steady-state model.
Fig. 4. Convergence of the steady-state algorithm: evolution of ryy along a
streamline located at 128 lm from the crack front. Fig. 5. Convergence of the steady-state algorithm: evolution of pyy along a
streamline located at 128 lm from the crack front.
2306 B. Lê Minh et al. / International Journal of Solids and Structures 49 (2012) 2301–2313The same as for the steady-state method, we consider here a
crack propagating over a distance of 40 lm (one element size)
per cycle. The node release was repeated 50 times in order to
propagate a crack from an initial length of 5 mm to a ﬁnal
length of 7 mm, except for the case DK = 20 MPa
ﬃﬃﬃﬃﬃ
m
p
, R = 0.3
for which the initial crack length was 4 mm (since for this case,
a longer crack extension had to be simulated to reach a steady-
state).
4.4. Crack closure evaluation technique
This analysis is conducted using the small deformation
assumption. However it is clear that very close to the crack
tip, ﬁnite rotation is experienced by the element of the crack
face, especially for high loads. This could explain the physically
unrealistic shapes of the crack opening proﬁles obtained by
Cochran et al. (2011) in the case of extensive ratcheting. As they
suggest, the crack opening has to be evaluated at a physical dis-
tance from the crack. Moreover, simulations in ﬁnite strain have
shown a possible mechanism of crack propagation by plastic
blunting and resharpening (Tvergaard, 2006; Toribio and Kharin,
2009).
In this section, the opening displacement of the ﬁrst node be-
hind crack front is used to determine crack closure. During the
unloading process, when the displacement of the ﬁrst node behindthe crack front is smaller than 0.01 lm, the crack is considered
closed and the corresponding load (resp. stress intensity factor)
is considered as Pcl (resp. Kcl). We (results are not showed here) ob-
served that a smaller value than 0.01 lm give exactly the same re-
sults with regards to crack closure values. The unloading process is
discretized in steps of 1% of the load amplitude so that the accuracy
on Kcl is 1% of DK.
4.5. Results and discussion
4.5.1. Mechanical state after a long distance of propagation
Table 3 shows the size of the forward plastic zone ahead of the
crack front for different loading cases. In several cases, the plastic
zone size is larger at mid-thickness than at the surface. This is
due to a higher DK at mid-thickness (the value of DK found with
ASTM 2D formula is just an average over the entire crack front).
Fig. 6a and b compares the proﬁles of plastic deformation in the
opening direction along the crack plane predicted by the two
methods for DK = 15 MPa sqrtm and R = 0. In the node-release cal-
culation, the crack grows from an initial length of 5 mm to a ﬁnal
one of 7 mm. The steady-state calculation gives directly the result
for a 7 mm-long crack. There is a perfect agreement between the
two calculations in the region near (just ahead or behind) the crack
Table 3
Forward plastic zone sizes in number of elements at peak load when the crack length
reaches 7 mm.
Load
case
DK2D
a
(MPa
ﬃﬃﬃﬃﬃ
m
p
)
10. 15. 20.
R 0.5 0. 0.3 0.5 0. 0.3 0.5 0. 0.3
Plastic
zone
Mid-thickness 3 3 11 13 13 >30 >30 >30 >30
Surface 3 3 5 8 7 21 22 18 >30
a Mean value issued from a 2D computation.
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gion x < 5.2 mm is due to the node-release method in which the
initial crack is assumed completely free of stress and strain state.
Figs. 7 and 8 again show a very good agreement between the
two methods when comparing the displacement of the crack face
or the opening stress in front of the crack tip.
The difference observed in the region of the initial crack of the
node-release method (x from 0 to 5 mm) would not inﬂuence the
result regarding the assessment of plasticity-induced closure, eval-
uated from the displacements in a region (x  7 mm) where both
methods are in very good agreement. Fig. 9 shows the evolution
of the displacement of the 1st node behind the crack front during
unloading predicted by both methods for a node at the surface
and a node at mid-thickness. Once again, a very good agreement
between the two methods is observed.
4.5.2. Plasticity-induced crack closure
Concerning plasticity-induced crack closure, Table 4 and Fig. 10
show the values of Kop=Kmax evaluated by the steady-state method
and the node-release method. We note that there is almost no dif-Fig. 7. Comparison of displacement of the crack face predicted by the two me
Fig. 6. Comparison of the plastic deformation proﬁles in the opening direction pyy , along t
nodes, (b) mid-thickness nodes.ference between the results obtained by the two methods for clo-
sure at the surface of the specimen. In the mid-thickness region,
the agreement is still good but in some cases, some discrepancy
are observed. An insufﬁcient node release distance for the NRT
could be the source of the difference in some cases. For example,
for DK = 20 MPa
ﬃﬃﬃﬃﬃ
m
p
and R = 0.5, in spite of an increased node re-
lease distance (from 4 mm to 7 mm), the value of Kop=Kmax is not
yet a steady-state value (see Fig. 11b). In such a case, the value pre-
dicted by the cyclic steady-state method is considered as more
reliable.
As expected, Kop=Kmax is higher at the surface than at mid-thick-
ness of the specimen and increases with R. It also increases with
DK at mid-thickness but not at the surface.
4.5.3. Discussion
For the same mesh of 62300 linear brick element and using the
same machine (processor Intel Xeon CPU 3.06 GHz and 24 GB
RAM), the node-release technique with 50 releases needs between
10 and 12 h of computation time, while the steady-state method
needs less than 2 h (see Table 4). For a small DK (10 MPa
ﬃﬃﬃﬃﬃ
m
p
),
the time needed for a 3D computation by the steady-state method
is around 1 h.
For DK = 20 MPa
ﬃﬃﬃﬃﬃ
m
p
and R = 0.5, the mesh had to be reﬁned
over a larger region to propagate the crack from 4 mm to 7 mm,
the computation time for the node-release method was more than
32 h and the steady-state value of Kop=Kmax was not yet obtained.
This is a disadvantage of the release method for which the mesh
has to be adapted for each loading case. For high applied loads,
the release distance has to be long enough to obtain a stabilized va-
lue of Kop and for smaller loads, the mesh has to be very ﬁne, butthods for DK = 15 MPa
ﬃﬃﬃﬃﬃ
m
p
, R = 0 : (a) at the surface, (b) at mid-thickness.
he crack plane predicted by the two methods for DK = 15 MPa
ﬃﬃﬃﬃﬃ
m
p
, R = 0 : (a) surface
Fig. 8. Comparison of the opening stress (ryy) proﬁles along the crack plane in front of the crack tip predicted by the two methods for DK = 15 MPa
ﬃﬃﬃﬃﬃ
m
p
, R = 0 : (a) at the
surface, (b) at mid-thickness.
Fig. 9. Evolution of the displacement of the ﬁrst node behind the crack front during
unloading predicted by both methods, at surface and mid-thickness.
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still be large enough to reach a steady-state.
Furthermore, for the steady-state method, since the crack prop-
agation process is not simulated, the mesh does not have to be re-
ﬁned over the distance of crack growth. An optimized mesh for this
method was created. The reﬁned zone of this mesh is reduced to
1.2 mm (1 mm ahead of the crack tip and 0.2 mm behind the crack
tip) while the element size is kept the same. The values of Kop=KmaxTable 4
Kop=Kmax evaluated at the mid-thickness plane and the surface plane by the node-release
DK2D (MPa
ﬃﬃﬃﬃﬃ
m
p
) R Surface Mid-thickness
STEADY-STATE RELEASE STEADY-STATE REL
10. 0.5 0.40 0.40 0.10 0.13
0. 0.51 0.51 0.15 0.15
0.3 0.56 0.57 0.30 0.30
15. 0.5 0.40 0.40 0.15 0.16
0. 0.49 0.49 0.18 0.18
0.3 0.55 0.57 0.31 0.31
20. 0.5 0.40 0.39 0.21 0.27
0. 0.49 0.48 0.23 0.24
0.3 0.55 0.56 0.36 0.32
a The crack propagates from 4 mm to 7 mm length in the node-release method.obtained by the steady-state method using this new mesh are ex-
actly the same as those obtained with the mesh adapted for the
node-release method. The computation times of the steady-state
method with this optimized mesh are also presented in Table 4.
It is now reduced to around half an hour compared to more than
10 h of the node-release method.5. Application of the steady-state method to the assessment of
PICC in 3D
In this section, we study the crack closure values evaluated
using the steady-state method. Unless otherwise stated, the com-
putation conditions in this section are the same as for the compu-
tations in Section 4. All the results in this section were obtained
with the same loading conditions DK = 15 MPa
ﬃﬃﬃﬃﬃ
m
p
and R = 0.
As recently noticed by Cochran et al. (2011), the computed Kop
depends on the crack growth rate. This crack growth rate for the
steady-state method is equal to the ratio of the element size to
the number of simulated cycles. Here we keep the crack growth
at a ﬁxed rate of 2 lm per cycle and try to compare the results cor-
respond to different levels of mesh reﬁnement (element size near
crack front Le = 2, 4, 8, 16, 32, 64, 128 lm) which means that the
numbers of loading cycles simulated for these cases are respec-
tively 1, 2, 4, 8, 16, 32 and 64. Except for the results presented in
the crack growth scheme sensitivity study, the crack is simulated
as propagating at Kmin.
5.1. Sensitivity of the computed PICC to mesh reﬁnement
Fig. 12 presents the values of Kop determined at different dis-
tances behind the crack front, at the surface of the specimen formethod and the cyclic steady-state method for different load cases.
Computation time
EASE STEADY-STATE
(optimized mesh) (min)
STEADY-STATE
(same mesh)
RELEASE
26 1 h:06 min 9 h:32 min
23 1 h:05 min 9 h:30 min
23 1 h:17 min 9 h:31 min
30 1 h:48 min 10 h:09 min
30 1 h:31 min 10 h:32 min
34 1 h:39 min 10 h:12 min
42 1 h:52 min 32 h:2 mina
36 1 h:45 min 11 h:28 min
45 2 h:17 min 11 h:35 min
Fig. 10. Comparison of Kop=Kmax predicted by the steady-state method and the
node-release technique.
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tance from the crack front and excepting the results obtained from
the ﬁrst node, the Kop values is insensitive to the degree of mesh
reﬁnement levels for sufﬁciently small element sizes (<32 lm in
these computations). We conclude that, as for the 2D results ofFig. 11. Evolution of Kop=Kmax with number of nodes released:
Fig. 12. Sensitivity of computed crack closure to mesh reﬁnement: crack closure values
reﬁnements.Cochran et al. (2011), in 3D the crack closure value depends on
the crack growth rate but not on the degree of mesh reﬁnement.5.2. Sensitivity of computed PICC to the crack growth scheme
Fig. 13 shows the normalized crack closure values Kop=Kmax
along the crack front for two different crack growth schemes: crack
advancing at maximum and at minimum load. The results are
shown for a mesh size Le = 8 lm. Closure was evaluated at dis-
tances of 8 lm, 16 lm and 32 lm from the crack front. One can
see that there is a perfect agreement for the two crack growth
schemes. We can conclude that the Kop values are insensitive to
crack growth schemes. This result has also been obtained by some
authors using the node-release technique under certain conditions
(McClung and Sehitoglu, 1989a,b; Alizadeh et al., 2007).5.3. A contribution to the debate on the closure criterion for computing
PICC
As previously mentioned, the local crack closure can be evalu-
ated by monitoring the displacement of the 1st node, the 2nd node
or at a physical distance from the crack front. Figs. 14 and 15 show
the results of crack closure evaluated for different points through
the thickness from the surface to the mid-thickness plane using
the ﬁrst node criterion or at a ﬁxed distance of 128 lm behind
the crack front. One can see that for these two criteria the crack
closure values converge with the mesh reﬁnement but the con-
verged values are different, the crack closure evaluated at the 1st(a) DK = 15 MPa
ﬃﬃﬃﬃﬃ
m
p
, R = 0; (b) DK = 20 MPa
ﬃﬃﬃﬃﬃ
m
p
, R = 0.5.
Kop=Kmax evaluated at different distance behind the crack front for different mesh
Fig. 13. Sensitivity of crack closure to crack growth schemes: crack closure values Kop=Kmax along the crack front evaluated at distances of 8 lm, 16 lm and 32 lm behind the
crack front for a straight crack propagating: (i) at Kmin and (ii) at Kmax .
Fig. 14. Crack closure evaluated at the ﬁrst node behind the crack front for different points through the thickness and for different degrees of mesh reﬁnement with applied
load DK = 15 MPa
ﬃﬃﬃﬃﬃ
m
p
and R = 0.
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node displacement technique.
Although the crack closure evaluated at the ﬁrst node converges
with mesh reﬁnement, the Kop values obtained at this node is ques-
tioned by many authors (Fleck and Newman, 1988; McClung and
Sehitoglu, 1989a,b) because this element lies in the zone of very
strong singularity where the stress–strain ﬁelds are often not cor-
rectly evaluated. The values of crack closure evaluated at a physical
distance far enough from the crack front are more reliable as the
physical ﬁelds can be precisely computed at these points. But the
choice of the appropriate distance is not obvious and will certainly
affect the results.
In the search of a crack closure criterion that does not depend
on author’s choice and physically correct, we remarked in Fig. 12
that the values of crack closure at different distance behind the
crack front can be divided into 3 groups: the Kop values obtained
at the ﬁrst node, the Kop obtained very close to the crack front
(but not at the ﬁrst node) and the values far enough from the crack
front (values at a distance greater than 32 lm in Fig. 12). As re-marked above, the values obtained for the ﬁrst node and for the
node very close to the crack front are questionable, only values
far enough from the crack front are reliable. One can notice that
the values of Kop far from the crack front vary linearly with the dis-
tance from the crack front. This remark leads naturally to the def-
inition of crack closure value as the extrapolated value at the crack
front of this linear curve. Fig. 16 shows the sensitivity of the
closure values evaluated by this new criterion. The obtained values
have the same convergence to mesh reﬁnement as the Kop evalu-
ated at a ﬁxed physical distance far enough from the crack front.
This new closure criterion is also independent of the proper choice
of authors. Physically, this newly introduced crack closure criterion
represents the tendency of crack closure very close to the crack
front while avoiding all the doubt due to numerical effects.
One can also notice that apart from the closure evaluated at the
1st node, no PICC occurs at the mid-thickness of the specimen. The
closure values vary strongly through the thickness of the specimen
from the surface to mid-thickness plane. However experimental
methods for measuring crack closure, such as the compliance offset
Fig. 15. Crack closure evaluated at the distance 128 lm behind the crack front for different points through the thickness and for different degrees of mesh reﬁnement with
applied load DK = 15 MPa
ﬃﬃﬃﬃﬃ
m
p
and R = 0.
Fig. 16. Extrapolated crack closure values ðKop=KmaxÞlim for different points through the thickness and for different degrees of mesh reﬁnement with applied load
DK = 15 MPa
ﬃﬃﬃﬃﬃ
m
p
and R = 0.
Fig. 17. Method for experimental determination of the crack closure proposed by the ASTM standards.
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Fig. 18. Comparison of the local ðKop=KmaxÞlim with the global Kop evaluated with the
compliance offset at an offset of 2%.
Fig. 19. Deformed shape (200) close to the crack front at minimum load.
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closure through the thickness. To evaluate Kop by this method, in
the model, we monitored the displacement of two nodes on one
side and on the other side of the crack face to determine the virtual
COD (see Fig. 2). The ASTM compliance offset procedure for deter-
mining the crack closure consists in evaluating the difference be-
tween the compliance of the structure with a closed crack and an
open crack. A summary of this procedure is shown in Fig. 17. This
procedure was applied to the P-COD curve to obtain the ‘‘as exper-
iment’’ value of Kop. Fig. 18 highlights the difference between the
local crack closure evaluated with the newly proposed criterionand the global crack closure evaluated using the ASTM compliance
offset method for an offset of 2%. One can remark that the proce-
dure proposed for experimental method can lead to very different
values with regard to the distribution of crack closure through the
thickness (the closure only occurs over a superﬁcial layer of less
than 20% of the thickness, but the experimental method assumes
a constant value of closure along the thickness). This superﬁcial
feature of crack closure can be clearly observed in Fig. 19 where
the ampliﬁed deformed shape near the crack front is showed.6. Conclusions
An extension of the steady-state method for modeling 3D crack
growth under cyclic loading was presented. The method allows a
direct computation (on a ﬁxed mesh, without releasing nodes) of
the periodic stress and strain ﬁelds around the crack tip, for crack
propagation under fatigue loading. It provides a valuable numerical
tool, on the one hand, for the evaluation or the calibration of
methods such as the classical node-release technique, on the other
hand, for gaining insight into the physics of crack propagation. In-
deed, only the elastoplastic behavior with non-linear kinematic
and isotropic hardening has been considered, but the application
to other constitutive laws is straightforward.
The proposed method is also compared with the classical node-
release technique, using the literature recipes, for the convergence
of the later. The comparisons focused on plasticity-induced crack
closure. The mechanical state obtained ahead and behind the crack
front and the plasticity-induced crack closure assessed by the two
methods are in very good agreement. However the steady-state
analysis reduces the computation time by a factor from ﬁve to
ten relative to the classical node-release technique using the same
mesh. Furthermore, an optimized mesh reﬁnement only around
the crack front can be used for the steady-state method while
the node-release technique demand a reﬁnement along the whole
distance of propagation. This optimized mesh with a smaller re-
ﬁned zone reduces drastically the computation time. The steady-
state method can therefore be used to study 3D effects in terms
of crack closure in loading cases impossible to analyze with the
node-release technique because of the high requirement in com-
puter resources and computation time.
The present article also gives some results on evaluating the 3D
PICC by the steady-state method. These results are in agreement
with the 2D results of Cochran et al. (2011) that the computed
plasticity-induced crack closure may depend on the crack growth
rate but converges with the mesh reﬁnement while keeping a con-
stant crack growth rate. A discussion on the choice of crack closure
criterion has also been opened. A new and reliable criterion for the
determination of local crack closure has also been proposed.
One disadvantage of the steady-state method is that it does not
provide any information about the transient states which leads to
the steady one. Nevertheless this can be quickly overcome owing
to the compatibility of the two methods (NRT and steady-state
method). Computations with the steady-state method can be fol-
lowed by the classical node-release technique and vice versa.
Finally, a steady state method in ﬁnite strain (in progress) will
allow to accurately take into account the fatigue crack propagation
as well as the large deformations at crack tip and therefore to gain
a full insight in the physics of the fatigue crack propagation.Acknowledgments
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